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Abstrat. Based on self - onsistent eld theory we study a soliton gen-
eration in w solid-state lasers with semiondutor saturable absorber. Var-
ious soliton destabilizations, i.e. the swith from femtoseond to pioseond
generation (pioseond ollapse), an automodulation regime, breakdown of
soliton generation and hysteresis behavior, are predited. It is shown that the
third-order dispersion redues the region of the soliton existene and auses
the pulse osillation and strong frequeny shift.
OCIS odes: 140.7090, 140.3430, 190.5530
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1 Introdution
Reent advanes in ultrafast solid-state lasers have resulted in sub 6-fs pulses
generated diretly from the avity of Ti: sapphire laser [1℄, whih is lose to
the theoretial limit for optial pulses. The key role to mode-loking in this
ase plays the fast optial nonlinearities, suh as eletroni nonlinearities,
responsible, in partiular, for self-phase modulation (SPM) and self-fousing
[2℄.
As was shown, the generation of extremely short pulses in the lasers with
self-fousing or semiondutor saturable absorber [3℄ is possible due to forma-
tion of a Shrödinger soliton. The relevant mehanism is the balane between
SPM and group veloity dispersion (GVD), whih redues the pulse dura-
tion and stabilizes it. This mehanism termed the soliton mode-loking [4℄
works together with Kerr-lensing or saturable absorption of semiondutor
thus supporting the ultrashort pulse and preventing from the noise gener-
ation. However, the presene of dissipative laser fators, suh as saturable
gain and loss, frequeny ltering et., ompliates the soliton dynamis essen-
tially, so that various nonstationary regimes in Kerr-lens mode-loked lasers
[5, 6℄ and Q-swithing instability in the w lasers with semiondutor sat-
urable absorber [7℄ are possible. Up to now a theoretial understanding of
the above-mentioned issues is laking and hallenges for investigators eorts,
that an be of partiular interest for the for generation dynamis and pulse
harateristis ontrol in femtoseond region.
Here we present the results of our study of the soliton generation in w
solid-state lasers with semiondutor saturable absorber. The main fous
of investigation was set on the peuliarities of the transition between fem-
toseond (soliton) and pioseond generation. We shall demonstrate that
suh a transition is aompanied by the threshold and hysteresis phenom-
ena. Based on soliton perturbation theory, the numerial simulations of two
dierent experimental situations have been performed. The rst one orre-
sponds to the variation of ontrol parameters (dispersion or pump power),
when for every new value of ontrol parameter the laser is turned on afresh.
The seond situation is for ontinuous variation of ontrol parameter dur-
ing a single generation session. We demonstrate also that the third order
dispersion destabilizes the soliton and produes a strong frequeny shift of
generation wavelength with respet to the gain enter.
2
2 Model
We analyzed the eld evolution in the distributed laser system ontaining sat-
urable quasi-four level gain rystal, frequeny lter, GVD and SPM elements,
two level saturable absorber and linear loss. We assumed, that in nonoherent
approximation the saturable absorber ation an be desribed by operator
−γ exp(−E/Es)
1+∂/∂t
[8℄, where γ is the initial saturable loss, E =
t∫
−∞
|a(t′)|2 dt′ is
the energy ueny passed through the absorber to moment t, t is the loal
time, Es is the loss saturation energy ueny; the expansion of the denom-
inator into the time series in
∂
∂t
is further supposed. The gain saturation is
due to the full pulse energy. The ratio of the loss saturation energy to the
gain saturation energies τ under assumption of the equal ross setions of
the generation mode at semiondutor modulator and Ti: sapphire ative
medium is 1.25 × 10−4 for Es = 100 µJ/cm
2
(ompare this with the gure
for semiondutor saturation energy reported in [3℄).
The evolution of generation eld a obeys the following operator equation:
∂a(z, t)
∂z
=
[
α exp(−τE)−
γ exp(−E)
1 + ∂
∂t
+
[
1
1 + ∂
∂t
− 1
]
− l
]
a(z, t)
+
[
ik2
∂2
∂t2
+ k3
∂3
∂t3
− iβ |a(z, t)|2
]
a(z, t) (1)
were z is the longitude oordinate normalized to the avity length, or
transit number, α is the saturated gain, l is the linear loss, k2,3 are the
seond- and third-order dispersion oeients, respetively, the energy u-
eny is normalized to Es . The time is normalized to the inverse bandwidth of
the absorber 1/ta . With this normalization the SPM oeient β is
2pin2LEs
λnta
,
where L is the length of rystal, n and n2 are the linear and nonlinear oe-
ients of refrativity, respetively, λ is the generation wavelength. The term
in square parenthesis stands for the frequeny ltering. The transmission
band of the lter and the absorption band of semiondutor were assumed
to oinide. An expansion of Eq. (1) up to seond-order in ∂/∂t results in
nonlinear Landau-Ginzburg equation [4, 8℄, whih we do not write out here
due to its omplexity.
Sine an exat general solution of Eq. (1) is unknown, we sought for the
approximated quasi-soliton solution in the form a(z, t) = a0
exp[iω(t−zδ)+iϕz]
cosh[(t−zδ)/tp ]
1+iΨ ,
where a0 is the amplitude, tp is the width, ω is the frequeny mismath from
lter band enter, Ψ is the hirp, ϕ and δ are the phase and time delays
after the full avity round trip, respetively. In the frame of aberrationless
3
approah [9℄, the substitution of this solution in Eq. (1) with following
expansion in t yields the following set of ordinary dierential equations for
evolution of pulse parameters:
da0
dz
= a0

 α exp
(
−
τa2
0
v
)
+ (1− ω2 − v2) γ exp
(
−
a2
0
v
)
− l + k2Ψv
2−
ω2 − v2 − 3k3ωv
2Ψ

 ,
dω
dz
=
(
Ψa20ω
2 + a20ω − 2v
2ω − 2v2ωΨ2 −Ψa20
)
γ exp
(
−
a20
v
)
−
2v2ωΨ2 − 2v2ω −Ψa20τα exp
(
−
τa20
v
)
− 3k3v
4Ψ
(
Ψ2 + 1
)
,
dv
dz
=
1
2v2
(
a40v
2 + 2v4Ψ2 − a40 + a
4
0ω
2 + 2a20v
2 − 4a20ωv
2Ψ− 4v4
)
× (2)
γ exp
(
−
a20
v
)
−
a40τ
2α
2v2
exp
(
−
τa20
v
)
+ 3k2v
2Ψ+ v2Ψ2 −
2v2 − 9k3ωΨv
2,
dΨ
dz
=
(
4a20ωv
2 + a40Ψ+ 4a
2
0ωv
2Ψ2 − 2v4Ψ−Ψa40ω
2 − a40ω − 2v
4Ψ3
)
×
γ
v2
exp
(
−
a20
v
)
+
Ψαa40τ
2
v2
exp
(
−
τa20
v
)
− 2a20β − 2v
2Ψ−
4k2v
2Ψ2 − 2v2Ψ3 − 4k2v
2 + 12k3ωv
2
(
Ψ2 + 1
)
,
where v = 1/tp is the inverse pulse width, and the solutions for time and
phase delays:
δ = [a20 (ω
2 + v2 − 1)− 2v2ωΨ)] γ exp
(
−
a2
0
v
)
− 2ωΨv2 − 2k2ωv
2+
k3v
2 (5v2 + 3ω2 − 3v2Ψ2)− a20τα exp
(
−
τa2
0
v
)
,
ϕ = [a20ω (ω
2 + v2 − 1) + v2Ψ (v2 − 2ω2)] γ exp
(
−
a2
0
v
)
+ k3v
2ω×
(2v2 + 2ω2 − 3v2Ψ2) + k2v
2 (v2 − ω2) + Ψv4 + βa20v
2 − 2ω2Ψv2−
ωταa20 exp
(
−
τa2
0
v
)
.
Assuming that pulse width is muh shorter than the avity period Tcav ,
the equation for the gain evolution is as follows:
dα
dz
= (αm − α)P −
2ατa20
v
−
α
Tg
, (3)
where P = σTcavIp
hυ
is the dimensionless pump intensity, σ is the absorption
ross-setion at the pump wavelength, hυ is the energy of pump photon, αm
is the maximal gain at the full population inversion. P = 10−4 orresponds
to the pump power of 1W for 100 µm diameter of pump mode.
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The steady-state solution of Eqs. (2, 3) desribes the stable ultrashort
pulses generation. The system (2, 3) was solved by the forward Euler method
with number of iterations 106 and the auray of 10−6 .
3 Disussion
First, we shall study the situation when for eah new value of ontrol param-
eter the generation is formed starting from the noise spike as initial approx-
imation.
The normalized width of the stable pulse versus GVD oeient is pre-
sented in Fig. 1 for dierent amount of SPM. It is well known that in
solid-state lasers ontrary to the dye lasers a soliton mode loking with a
slow saturable absorber is impossible beause of small ontribution of dy-
nami gain saturation (a small τ in our notations) but at the same time the
presene of SPM an provide the stable soliton mode loking [4℄. As was
expeted, our alulations onrmed this onlusion for the situation with
no SPM present in the system. However, with some SPM another pulse
stabilizing mehanism omes to play a role. Introduing the SPM stabilizes
the pioseond generation (region A in Fig. 1) due to the ation of negative
feed-bak [8℄ (top-left segment of urve 1 in Fig. 2). The mehanism of this
feed-bak is as follows: an inreased pulse intensity auses a stronger hirp-
ing, i.e. a wider pulse spetrum and, onsequently, a higher loss at bandwidth
limiting element and, reverse, a dereased intensity minimizes the hirp and
the spetral width, reduing the loss at spetral lter.
There is a setion at the urves 1-4 (Fig. 1, 2) where the Shrödinger
soliton exists within limited window of negative dispersion. The pulse du-
rations lie in femtoseond region with the minimum lose to zero GVD, the
pulse intensities are muh higher and the hirp is very small (entral part
of urve 1 in Fig. 2). Calulation showed that ontrary to ps-ase and the
situation with non-zero third-order dispersion the soliton has no frequeny
shift from lter band enter and its energy is equal to ritial energy for
rst-order Shrödinger soliton E = 2|k2|
tpβ
.
At some negative GVD the swith from femtoseond to pioseond regime
(pioseond ollapse marked by arrow, see urve 1 in Fig. 1) takes plae.
Formally, these two types of ultrashort generation orrespond to domination
of either nondissipative (ase of Shrödinger soliton generation) or dissipative
(ase of pioseond generation) terms in Eq. 1, respetively.
For the stronger SPM (urve 2 in Fig. 1) the interval of GVD, where
the femtoseond generation takes plae, broadens whih is aompanied by
the shortening of the pulse width (ompare urves 1 and 2 in Figs. 1, 2).
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As is seen, the ps-ollapse ours now at muh higher (both in negative and
positive region) dispersions.
Further inreasing of SPM transforms the harater of soliton destabiliza-
tion (urve 3 in Fig. 1). In this ase, the femtoseond generation is possible
only near zero dispersion; the higher negative GVD destroys the soliton-like
pulse (disontinuity of urve 3). Left to the region where no quasi-soliton
solution for Eq. 1 exists, there appears the region of the pulse automodu-
lational instability (region B). Here, the pulse parameters osillate with the
period of ∼ 100 avity round-trips (∼ 1 µs ) as is illustrated in Fig. 3. The
osillating pulse has quasi-Shrödinger soliton type with a small hirp (region
B in Fig. 2) and frequeny shift.
Further inrease of SPM (urve 4 in Fig. 1) redues the interval of quasi-
soliton existene. Comparing urves 1 - 4 of Fig. 1 one may onlude that
the optimal amount of SPM exists providing the femtoseond generation in
the widest interval of GVD.
Let's onsider the pump intensity P - another ontrol parameter of the
system swithing the generation between ps- and fs-regimes. As is seen from
Fig. 4 (triangles and arrow 1), the inrease of the pump swithes the laser
from ps- to fs-generation. This ours when the pump intensity and, on-
sequently, the generation pulse intensity beomes high enough for SPM to
ompensate the GVD.
We an investigate the system behavior depending on ontrol parameters
(pump, GVD) by two dierent ases. First one is when we measure the pulse
harateristis at the some value of ontrol parameters then turn o the laser
where upon turn on the laser and iterate this proess with another value of
ontrol parameter. Mathematially it orresponds to reeiving of the pulse
as stationary solution of Eq. 1 from the noise spike. This ase is depited at
Figs. 1, 2 and triangles in Fig. 4. Seond ase is when one reeives ultrashort
pulse at the denite value of the ontrol parameter and then begins smooth
variation of this parameter. This ase is depited at Fig. 4, b and Fig. 5.
As is seen from Fig. 4, the dependene of the pulse duration on the pump
intensity demonstrates a hysteresis behavior. The pump variation from the
small values to the large and bakward produes the following sequene of
generation regimes (trajetory 2 in Fig. 4): the pump inrease from 10−4 to
2 × 10−4 does not bring the system from ps- to fs-generation, however the
subsequent pump derease from 2× 10−4 to 1.67× 10−4 swithes the system
to fs-regime. The range of fs-generation in terms of P (solid urve) is wider
than for the ase denoted by triangles, whih was plotted analogous to urves
of Figs. 1 and 2. If the trajetory starts from large P , the pioseond regime
does not set and the femtoseond soliton forms at P ≈ 1.67 × 10−4 (solid
urve). In this ase, the interval of the soliton existene is wider than for
6
regime denoted by triangles.
The system demonstrates the hysteresis behavior under the variation of
GVD, too (Fig. 5): hanging the GVD from the negative values to zero
and than to the positive values does not ause the swith from ps- to fs-
generation. On the other hand when moving from the positive values of
dispersion to negative and bakwards one an see the dramati hange in
system's behavior. The derease of GVD starting from the positive values,
where the ps-generation takes plae, auses an abrupt swith to fs-generation
near zero GVD. Comparing urve 2 in Fig. 1 and the urve in Fig. 5 that
were plotted for the same parameters but for dierent physial situations
(desribed above), one may onlude that the region of the soliton existene
is wider in term of GVD for the latter ase (when we alter the GVD) than
for the former (when generation is formed from the noise spike). The swith
from fs to ps generation under inverse movement along the GVD axis takes
plae at another value of GVD thus produing a hysteresis feature (see Fig.
5).
Sine the Shrödinger soliton formation ours at small negative GVD,
the ontribution of third-order dispersion k3 in this region may be essential.
The presene of k3 6= 0 gives rise to the following eets: 1) the strong pulse
frequeny shift whih depends on the sign of k3 (ompare urves 2, 3 and
4 and urve 1 in Fig. 6) arises; 2) the region of fs-generation narrows; 3)
an additional destabilizing fator, the frequeny shift osillations, appears
(regions B for urves 2, 3, 4).
4 Conlusion
In summary, based on the self-onsistent eld theory we have investigated
the harateristis of Shrödinger soliton in w solid-state laser with semion-
dutor saturable absorber. We demonstrated numerially, that the formation
of soliton has threshold harater, so together with rst (free running) and
seond (mode-loking) threshold the threshold of femtoseond generation ex-
ists. Three main destabilization senarios were demonstrated: the swith to
pioseond generation (pioseond ollapse), the swith to automodulation
mode and the breakdown of soliton-like pulse. The swith between pio-
and femtoseond generation has the hysteresis harater. The ontribution
of high-order GVD redues the interval of quasi-soliton existene, gives rise
to the frequeny shift and the pulse destabilization.
Our results may be useful for design of self-starting w solid-state lasers
with ontrollable ultrashort pulse harateristis.
This work was supported by National Foundation for basi researhes
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(grant F97-256).
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Figure 1: Pulse width tp versus GVD oeient k2 (time is normalized to
ta ). Region A, pioseond generation, region B, autoosillation regime for
parameters of urve 3. P = 5 × 10−4 , αm = 0.5 , ta = 2.5 fs, Tg = 3 µs ,
Tcav = 10 ns, l = 0.01, γ = 0.05 , k3 = 0 . β = 0.001 (1), 0.01 (2), 0.05 (3),
0.1 (4).
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Figure 2: Chirp Ψ versus GVD oeient k2 . The parameters orrespond
to Fig. 1. Curve 3 and 4 exist under k2 ≥ −3, −1, respetively.
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Figure 3: Peak intensity I normalized to Est
−1
a versus round-trip number z.
k2 = −20 , k3 = 0 , P = 5× 10
−4
, β = 0.05.
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Figure 4: Pulse width tp versus pump intensity P . Arrow 1 - swith be-
tween ps- and fs-generation (triangles). k2 = −10 , k3 = 0 , β = 0.1, other
parameters orrespond to Fig. 1.
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Figure 5: Pulse width tp versus GVD oeient k2 . Parameters orrespond
to urve 2 in Fig.1.
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Figure 6: Frequeny shift ω versus GVD oeient k2 . Parameters orre-
spond to urve 3 in Fig. 1. k3 = 0 (1), −5 (2), −10 (3), 10 (4). The initial
onditions orrespond to Figs. 1, 2.
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